Abstract. We give a complete description of maximal compatible partial orders on the mono-unary algebra (A; f ), where f : A ! A is an arbitrary unary operation.
INTRODUCTION
The well known Szpilrajn theorem ( [3] ) asserts that any partial order r (or r) on a set A can be extended to a linear order R . As a consequence we obtain that the maximal partial orders (with respect to the containment relation) on A are exactly the linear orders of A. If f : A ! A is a unary operation, then we can restrict our consideration to the so called compatible partial orders of (A; f ), i.e. to partial orders with the following property: x r y implies f (x) r f (y) for all x; y 2 A. In the present paper we shall investigate the compatible extensions of a given r in a partially ordered mono-unary algebra (A; f; r ). Using f -prohibited pairs, for compatible partial orders we de…ne the notion of f -quasilinearity. Our main result states, that a compatible partial order r on (A; f ) can always be extended to a compatible f -quasilinear partial order R. As a consequence, we obtain that the maximal compatible partial orders on (A; f ) are exactly the compatible fquasilinear partial orders. It turns out, that a compatible f -quasilinear partial order is linear if and only if the function f has no proper cycle (acyclic according to the terminology of [2] ). Thus the following main theorem of [2] will appear as a special case of our Theorem 4.2:
Let f : A ! A be an acyclic function (there is no c 2 A such that f (c) 6 = c and f n (c) = c for some integer n 2) and r A A a compatible partial order on (A; f ). Then there exists a compatible linear order R A A on (A; f ) with r R.
Let f : A ! A be a function (unary operation on the set A). We de…ne the relation f as follows: for x; y 2 A let x f y if f k (x) = f l (y) for some integers k 0 and l 0. It is straightforward to see that f is an equivalence on A. The equivalence class [x] f of an element x 2 A is called the f -component of x. Clearly,
f . An element c 2 A is called cyclic with respect to f (or cyclic in (A; f ) ), if f m (c) = c for some integer m 1. For a cyclic element n = n(c) = minfm j m 1 and f m (c) = cg is called the period of c (or the length of the cycle C = fc; f (c); :::; f n 1 (c)g, it is easy to prove that C has exactly n elements and f (C) = C) and f k (c) = f l (c) holds if and only if k l is divisible by n. A pair (x; y) 2 A A is called fprohibited, if we can …nd integers k 0, l 0 and m 2 such that m is not a divisor of k l and f k (x); f k+1 (x); :::; f k+m 1 (x) are distinct elements, moreover
. We note that, for an f -prohibited pair (x; y) and for an integer k 0 as above, we have
It is easy to verify, that a pair (x; y) 2 A A is f -prohibited, if and only if f k (x) = f l (y) is cyclic and f k+l (x) 6 = f k+l (y) for some integers k 0 and l 0 (the latter condition can be replaced by f t (x) 6 = f t (y) for all integers t 0). The distance between an element y 2 [x] f and a given cyclic element c 2 [x] f is de…ned in part (1) of the following proposition. Proof.
(1) y 2 [x] f and c 2 [x] f imply that c f y, so we have f k (c) = f l (y) for some integers k 0 and l 0. Now
(2) d(f (c); c) = n 1 follows from the facts, that c; f (c); :::; f n 1 (c) are distinct elements and f
f the application of part (1) ensures the existence of an integer t 0 with f t (c) = c 0 . As we have already noted f t (c) 2 C, the rest of part (3) is obvious.
Since c is cyclic of period n, the equality f l d(y;c) (c) = c holds if and only if l d(y; c) is divisible by n.
f is a cyclic element of period m, the use of part (3) gives that f k (x) 2 C and m = n.
can be obtained by part (4). Thus we have
are distinct elements and
In view of the above facts, we deduce that (x; y) is an f -prohibited pair.
Proposition.
If (A; f; r ) is a partially ordered mono-unary algebra, then we have the following.
(1) If c 2 A is a cyclic element of period n 1, then C = fc; f (c); :::; f n 1 (c)g is an antichain with respect to r : for 0 i < j n 1 the elements f i (c) and f j (c) are incomparable with respect to r . (2) If (x; y) 2 A A is an f -prohibited pair, then (x; y) = 2 r and (y; x) = 2 r, i.e. x and y are incomparable elements with respect to r .
Proof.
(1) Take c = f i (c) and
in contradiction with c 6 = f t (c ). The reverse relation f t (c ) r c would lead to a similar contradiction. (2) Let f k (x); f k+1 (x); :::; f k+m 1 (x) be distinct elements and f
The assumption x r y would imply
for the elements f k+l (x) and f
. Now we are in contradiction with part (1). The case y r x can be treated similarly.
THE ORDER COMPONENTS OF (A; f; r )
Let (A; f; r ) be a partially ordered mono-unary algebra and consider the factor set
We
Proposition.
(1) C r is a quasiorder (re ‡exive and transitive) on B.
Proof. 
for some integers t 1 0 and t 2 0. Since f t1 (y 1 ) f f t2 (y 2 ), we can …nd integers k 0 and l 0 such that
The compatibility of r gives the following relations
where f k (c) and f l (c) are cyclic elements. On applying part (1) of Proposition 2.2, we obtain that f
The relation r is de…ned on B = A= f as follows: for x; y 2 A let
It is well known, that starting from the quasiorder C r , the above de…nition provides an equivalence on B. We de…ne the order component of x in (A; f; r ) by hxi = [
Clearly, [x] f hxi A and hxi is a subalgebra in (A; f ), which corresponds to the
It is easy to see that fhxi j x 2 Ag is a partition of A:
[ x2A hxi = A and hxi = hyi or hxi \ hyi = ? for all x; y 2 A:
If c 2 hxi is a cyclic element, then part (2) of Proposition 3.1 gives that hxi = [x] f . We shall make use of the partial order r on B= r , which can be derived from C r in a natural way:
3.2. Lemma. Let (A; f; r ) be a partially ordered mono-unary algebra. If x 2 A and there is no cyclic element in hxi, then there exists a linear order on hxi with the following properties:
(1) is compatible on (hxi ; f ):
is an extension of r on the elements of hxi: r \ (hxi hxi)
.
Proof. The absence of cyclic elements ensures that f : hxi ! hxi is a so called acyclic function preserving the partial order r \ (hxi hxi). A straightforward application of the Main Theorem in [2] gives the existence of the desired .
Lemma.
Let (A; f; r ) be a partially ordered mono-unary algebra. If x 2 A and c 2 hxi is a cyclic element of period n 1, then there exists a partial order on hxi = [x] f with the following properties:
: [ E n 1 is a pairwise disjoint union, where each set
is a chain with respect to , and for i 6 = j the elements of E i E j are f -prohibited pairs.
Proof. Let E = [x] f and consider the equivalence relation " = E [ (C C) on E, where E is the diagonal of E E and C = fc; f (c); :::; f n 1 (c)g is the set of cyclic elements in E. Clearly, [u] " = fug if u 2 E n C and [u] " = C if u 2 C. Using the factor set E = E=", de…ne a function f : E ! E and a relation r E E as follows: f ([u] " ) = [f (u)] " and r = s is the transitive closure of the re ‡exive relation
e. that f preserves the relation s. As a consequence, we also obtain that f preserves the transitive closure r = s of s. We claim, that r is a partial order on E . It is enough to show, that there is no proper cycle in E with respect to s. If a proper cycle
does not contain C, then we have u 1 r u 2 r ::: r u k r u 1
implying that u 1 = u 2 = ::: = u k , a contradiction. If C appears in a proper cycle, then we can exhibit a segment of it as
where v 1 ; v 2 ; :::
The only cyclic element of (E ; f ) is C and f (C) = C, so we can apply the Main Theorem of [2] to the partially ordered algebra (E ; f ; r ), in order to get a compatible linear order on (E ; f ) with r .We claim, that
is one of the desired relations on E.
The re ‡exive and transitive properties of can be easily veri…ed. Let (u; v) 2 and 3.4. Remark. According to Proposition 3.6 in [1] , the convexity of the antichain C implies that " = E [ (C C) is an order congruence of (E; f; r \ (E E)).
THE MAIN RESULTS
A compatible partial order R on a mono-unary algebra (A; f ) is called f -quasilinear, if (x; y) 2 R or (y; x) 2 R for all non f -prohibited pairs (x; y) 2 A A. In view of part (2) of Proposition 2.2, we have the following simple observation. 4.1. Proposition. If a compatible partial order R on a mono-unary algebra (A; f ) is f -quasilinear, then it is maximal (with respect to containment) among the compatible partial orders of (A; f ). If (A; f; r ) is a partially ordered mono-unary algebra, then there exists a compatible partial order R on (A; f ) with the following properties:
Theorem.
(1) R is an extension of r, i.e. r R, (2) R is f -quasilinear.
Proof. Let be an arbitrary linear extension of the partial order r on the set B= r of order components in (A; f; r ), where B = A= f . If x 2 A and there is no cyclic element in hxi, then …x a compatible linear order hxi on hxi with the properties described in Lemma 3.2. If there is a cyclic element of period n 1 in hxi, then …x a compatible partial order hxi on hxi = [x] f with the properties described in Lemma 3.3. We claim, that R = f(x; y) 2 A A j hxi hyi and (x; y) 2 hxi in case of hxi = hyig is one of the desired relations on A.
The re ‡exive, antisymmetric and transitive properties of R can be easily veri…ed. In order to prove the compatibility of R, it is enough to note that hf (x)i = hxi and that hxi is a compatible partial order on (hxi ; f ). If x r y then [x] f C r [y] f , whence we obtain hxi r hyi as well as hxi hyi. In case of hxi = hyi the relation (x; y) 2 hxi follows from r \ (hxi hxi)
hxi . Thus we have (x; y) 2 R, proving r R. If x; y 2 A are incomparable elements with respect to R, then the linearity of implies that hxi = hyi, whence we get (x; y) = 2 hxi and (y; x) = 2 hxi . Since hxi is not linear, the order component hxi must contain a cyclic element c of period n 2. In view of the properties of hxi described in Lemma 3.3, we obtain that x 2 E i and y 2 E j for some i; j 2 f0; 1; :::; n 1g with i 6 = j. Now the last property of the E i 's guarantees that (x; y) is an f -prohibited pair.
Corollary.
A compatible partial order R on (A; f ) is maximal (with respect to containment) if and only if R is f -quasilinear.
